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BACKGROUND

What is an irrigation system?

Plants need water to survive and in arid regions, an irrigation system
is the conveyance mechanism to provide water. An irrigation system
may be composed of many parts. Storage reservoirs, pipes, sprinklers,
ditches, and canals are just a few of the components that might con-
stitute the entire system. Any of these components can be arranged
together to form a whole and beneficial system.

What is the general problem?

Sediment effects, which
are responsible for the
instability in canals for
surface drainage, for the
loss of channels capacity
and, in general, for the
malfunction of irrigation
system.

What is the general solution?

Minimize the sediment ef-
fects (deposition and ero-
sion on the bottom of the
channel) by controlling the
geometry (the shape of
the canal section) and the
water flow at the inflow
boundary of the channel.

What is our particular problem?

We consider a rectangular canal which is going to be modify in a trape-
zoidal one by including a concrete piece just in a lateral side. We look
for the geometry of this piece which is completely determined by its
height r, the bottom width of the modified channel w, and the inclina-
tion angle of the new lateral wall α.
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We also look for the water flow at the inflow boundary, function q(t).
So, the control for the problem –which have to be determined– is

(r, w, α, q) ∈ Uad = [r, r]×[w,w]×[α, α]×{q ∈ L2(0, T ) : 0 ≤ q ≤ β}.

THE OPTIMAL CONTROL PROBLEM

Modelling equations (state system)

To simulate the sedimentation process in the previous trapezoidal chan-
nel we propose the following 2D-model, which gives us the depth of the
water column h, the flux of water Q, the depth-averaged concentration
of sediment transported in suspension c, and the height of sediment
layer z:
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with boundary conditions:

Q · n = 0, k
∂c

∂n
= 0 on γ0 × (0, T ), (5)

Q = q n, c = c1, z = z1 on γ1 × (0, T ), (6)

h = h2, k
∂c

∂n
= c2 on γ2 × (0, T ), (7)

and initial conditions:

h(., 0) = h0, Q(., 0) = Q0, c(., 0) = c0, z(., 0) = z0 in Ω, (8)

where b(r,w,α) is a function defined on Ω, giving the (steady) geometry
of the canal bottom, and Se(h,Q) and Sd(h,Q, c) are functions defined
on Ω× (0, T ) representing, respectively, erosion and deposition terms.

Optimal control

We want to minimize sediment effects (deposition and erosion on the
bottom of the channel). We assume that we are dealing with cohesive
sediments and then:

- The deposition term Sd is a nonlinear function of the state vari-
ables given by system (1)-(8). It is determined by

Sd = pwsc, (9)

where ws ≡ ws(c) (flock settling velocity) and p ≡ p(h,Q) (prob-
ability of deposition) are, respectively, nonlinear functions of the
state variable c, and state variables h and Q.

- The erosion term Se is also a nonlinear function of state variables.
It is determined by

Se =
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(10)

where E , m and τb,e are given data, and τb ≡ τb(h,Q) (bed shear
stress) is a nonlinear function of the state variables h and Q.

So, the optimal control problem to be solved results:

minimize J(r, w, α, q) =

∫

Ω
(|Se(., T )| + |Sd(., T )|) dx

subject to (r, w, α, q) ∈ Uad

Numerical solution

To solve the previous constrained optimization problem, we transform
it into an unconstrained one by using a penalty function, and then we
solve it by using a free gradient algorithm: the Nelder-Mead method.
This method is based on the mere comparison of values of minimizing
function, and only an algorithm to evaluate the objective function J is
necessary. This algorithm should include a numerical method to solve
system (1)-(8), and at this stage, we propose to use the commercial
software MIKE21 developed by DHI. The flowchart of the algorithm
that we propose to evaluate the function J is the following:
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NUMERICAL RESULTS

Optimal solution: (a) optimal shape of the canal section and (b)
optimal inflow flux (in this example we have assumed that it has to be
constant).

T=2500

q  [m /s]
2

t   [s]
0

0.30

(b)(a)

w=0.866m

D=1.732m

r=
1
.5

m

a=0.27 rad

Optimal results: Erosion at final time Se(., T ), corresponding to an initial configuration (up) and to the optimal solution (down).
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